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SIMULTANEOUSLY CONTINUOUS RETRACTION AND
BISHOP-PHELPS-BOLLOBA´S TYPE THEOREM
SUN KWANG KIM AND HAN JU LEE
Abstract. The dual space X∗ of a Banach space X is said to admit a uniformly simul-
taneously continuous retraction if there is a retraction r from X∗ onto its unit ball BX∗
which is uniformly continuous in norm topology and continuous in weak-∗ topology.
We prove that if a Banach space (resp. complex Banach space) X has a normalized
unconditional Schauder basis with unconditional basis constant 1 and if X∗ is uniformly
monotone (resp. uniformly complex convex), then X∗ admits a uniformly simultaneously
continuous retraction. It is also shown that X∗ admits such an retraction if X = [
⊕
Xi]c0
or X = [
⊕
Xi]`1 , where {Xi} is a family of separable Banach spaces whose duals are
uniformly convex with moduli of convexity δi(ε) with infi δi(ε) > 0 for all 0 < ε < 1.
Let K be a locally compact Hausdorff space and let C0(K) be the real Banach space
consisting of all real-valued continuous functions vanishing at infinity. As an applica-
tion of simultaneously continuous retractions, we show that a pair (X,C0(K)) has the
Bishop-Phelps-Bolloba´s property for operators if X∗ admits a uniformly simultaneously
continuous retraction. As a corollary, (C0(S), C0(K)) has the Bishop-Phelps-Bolloba´s
property for operators for every locally compact metric space S.
1. Introduction
Let X be a real or complex Banach space and A be a subset of X. A continuous
function r : X → A is said to be a retraction if r is the identity on A. Retractions have
various applications in nonlinear geometric functional analysis [10, 11, 12]. Benyamini
introduced the notion of simultaneously continuous retraction from dual space X∗ onto
BX∗ . More precisely, the dual space X
∗ of a Banach space X is said to admit a (resp.
uniformly) simultaneously continuous retraction if there is a retraction r fromX∗ onto BX∗
which is both weak-∗ continuous and norm continuous (resp. uniformly norm-continuous).
Benyamini [10] showed, in particular, that E∗ admits uniformly simultaneously continuous
retraction if E∗ is a separable uniformly convex space, or E is the space C(K) of all real-
valued continuous functions on a compact metric space K.
As remarked in Proposition 4.22. [12], there is a connection between simultaneously
continuous retractions and the denseness of norm attaining operators into C(K). In this
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2 KIM AND LEE
paper, we deal with the existence of uniformly simultaneous continuous retraction in a
certain Banach space and its applications to Bishop-Phelps-Bolloba´s type theorem.
2. Uniformly simultaneously continuous retraction
Let {ej} be a normalized unconditional Schauder basis for X with unconditional basis
constant 1. Its biorthogonal functionals will be denoted by {e∗j}. In fact, it is easy to see
that X and X∗ are Banach lattices and, for every x∗ ∈ X∗, we have
x∗ = weak ∗
∞∑
j=1
x∗(j)e∗j ,
where x∗(j) = 〈x∗, ej〉 . Recall that a Banach lattice X is uniformly monotone if, for all
ε > 0,
M(ε) = inf{‖|x|+ |y|‖ − 1 : ‖x‖ = 1, ‖y‖ ≥ ε} > 0.
It is easy to check that ε 7→ M(ε) is a monotone increasing function and M(ε) ≤ ε for
all ε > 0. This M is called the modulus of monotonicity of X. It is easy to check that if
X is uniformly monotone, then X is strictly monotone. That is, ‖|x|+ |y|‖ > ‖x‖ for all
x ∈ X and for all nonzero element y in X. The uniform monotonicity of Banach lattice is
equivalent to the uniform complex convexity of its complexification [30, 31]. The complex
convexity has been used to study density of norm-attaining operators between Banach
spaces [1, 17].
Benyamini showed [10] that if X has a shrinking Schauder basis {ej} with {e∗j} beging
strictly monotone, then X∗ admits a simultaneously continuous retraction. It is also
shown that for X = `p, 1 ≤ p < ∞ or X = c0, X∗ admits a uniformly simultaneously
continuous retraction.
For t ≥ 0, we define M−1(t) = sup{ε ≥ 0 : M(ε) ≤ t} for a monotone increasing
function M . The modulus of continuity for a function ϕ is defined by
ωϕ(t) = sup{‖ϕ(x∗)− ϕ(y∗)‖ : ‖x∗ − y∗‖ ≤ t}.
Let f be a nonnegative function on a deleted neighborhood of 0 with limt→0+ f(t) = 0.
We say that X∗ admits a f -uniformly simultaneously continuous retraction if there is a
uniformly simultaneously continuous retraction ϕ with ωϕ(t) ≤ f(t).
Theorem 2.1. Suppose that a Banach space X has a normalized unconditional Schauder
basis {ej} with unconditional basis constant 1. If X∗ is uniformly monotone with modulus
M , then X∗ admits a uniformly simultaneously continuous retraction with modulus of
continuity 2M−1.
Proof. Notice that X∗ is uniformly monotone and it is order-continuous (cf. [30]) and
{e∗j}∞j=1 is a Schauder basis. Given x∗ =
∑∞
j=1 aje
∗
j with x
∗ 6∈ BX∗ , there is a unique n so
that ∥∥∥∥∥
n−1∑
j=1
aje
∗
j
∥∥∥∥∥ < 1, and
∥∥∥∥∥
n∑
j=1
aje
∗
j
∥∥∥∥∥ ≥ 1.
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By the strict monotonicity and convexity of norm, there is a unique 0 < t ≤ 1 so that∥∥∥∥∥
n−1∑
j=1
aje
∗
j + tanen
∥∥∥∥∥ = 1,
and we define ϕ(x∗) =
∑n−1
j=1 aje
∗
j + tanen. Defining ϕ as an identity on BX∗ , we first show
that ϕ is uniformly norm continuous.
Notice that if ‖x∗‖ ≥ 1, then by the construction of ϕ and uniform monotonicity,
‖x∗‖ = ‖|ϕ(x∗)|+ |x∗ − ϕ(x∗)|‖ ≥ 1 +M(‖x∗ − ϕ(x∗)‖)
and we have M(‖x∗ − ϕ(x∗)‖) ≤ ‖x∗‖ − 1. That is,
‖x∗ − ϕ(x∗)‖ < M−1(‖x∗‖ − 1).
We claim that for all x∗, y∗ in X∗,
‖ϕ(x∗)− ϕ(y∗)‖ ≤ 2M−1(‖x∗ − y∗‖).
Because M(ε) ≤ ε for all ε > 0, we have M−1(t) ≥ t for all t > 0. Hence this inequality
is trivial if ‖x∗‖ ≤ 1 and ‖y∗‖ ≤ 1. If ‖x∗‖ > 1 and ‖y∗‖ ≤ 1, then
‖ϕ(x∗)− ϕ(y∗)‖ = ‖ϕ(x∗)− y∗‖ ≤ ‖ϕ(x∗)− x∗‖+ ‖x∗ − y∗‖
≤M−1(‖x∗‖ − 1) + ‖x∗ − y∗‖
≤M−1(‖x∗‖ − ‖y∗‖) +M−1(‖x∗ − y∗‖)
≤ 2M−1(‖x∗ − y∗‖).
We assume that ‖x∗‖ > 1 and ‖y∗‖ > 1 and write
ϕ(x∗) =
n−1∑
j=1
x∗(j)e∗j + tx
∗(n)e∗n and ϕ(y
∗) =
m−1∑
j=1
y∗(j)e∗j + sy
∗(m)e∗m
where x∗(i) = x∗(ei) and y∗(i) = y∗(ei) for every i ∈ N.
For each n ∈ N, let Pn be a projection on X defined by Pn(
∑
αiei) =
∑n
i=1 αiei and P
∗
n
be the adjoint operator. We may also assume that m ≥ n and then ϕ(x∗) = ϕ(P ∗m(x∗)),
ϕ(y∗) = ϕ(P ∗m(y
∗)) and ‖P ∗mx∗−P ∗my∗‖ ≤ ‖x∗− y∗‖ shows that we can replace x∗ and y∗
by P ∗m(x
∗) and P ∗m(y
∗) respectively. That is,
x∗ =
m∑
j=1
x∗(j)e∗j and y
∗ =
m∑
j=1
y∗(j)e∗j .
If m > n, x∗(m) and y∗(m) can be replaced by sy∗(m) and x∗(m) − y∗(m) + sy∗(m)
without changing ‖x∗ − y∗‖, ϕ(x∗) and ϕ(y∗). On the other hand, if n = m and t ≤ s,
then, letting
x∗1 =
n−1∑
j=1
x∗(j)e∗j + sx
∗(n)e∗n,
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we have ‖x1‖ ≥ 1, ϕ(x∗) = ϕ(x∗1) and ‖x∗1 − ϕ(y∗)‖ ≤ ‖x∗ − y∗‖. Hence we get
‖ϕ(x∗)− ϕ(y∗)‖ = ‖ϕ(x∗1)− ϕ(y∗)‖ ≤ ‖ϕ(x∗1)− x∗1‖+ ‖x∗1 − ϕ(y∗)‖
≤M−1(‖x∗1‖ − 1) + ‖x∗ − y∗‖
≤ 2M−1(‖x∗ − y∗‖),
since ‖x∗1‖ ≤ ‖ϕ(y∗)‖+ ‖ϕ(y∗)− x∗1‖ ≤ 1 + ‖ϕ(y∗)− x∗1‖ and t ≤M−1(t) for all t ≥ 0.
Now, we will show that ϕ is weak-∗ continuous. Suppose that a net {x∗α} converges
weak-∗ to x∗. Since the range of ϕ is bounded and X has the Schauder basis {ej}, it is
enough to check that limα 〈ϕ(x∗α), ej〉 = 〈ϕ(x∗), ej〉 for all j. Given x∗ ∈ X∗, suppose first
that there exists a unique n such that
‖
n−1∑
j=1
x∗(j)e∗j‖ < 1 and ‖
n∑
j=1
x∗(j)e∗j‖ ≥ 1
and ϕ(x∗) =
∑n−1
j=1 x
∗(j)e∗j + tx
∗(n)e∗n for some 0 < t ≤ 1. Since P ∗n−1(x∗α) converges
to P ∗n−1(x
∗) in norm, it is clear that limα 〈ϕ(x∗α), ej〉 = limα 〈x∗α, ej〉 = x∗(j) for each
1 ≤ j ≤ n − 1. Hence, we may assume that ‖P ∗n−1(x∗α)‖ < 1 for all α. We claim that
limα ϕ(x
∗
α)(j) = 0 = ϕ(x
∗)(j) for all j ≥ n + 1. Otherwise, there exist a j0 ≥ n + 1, a
subnet (x∗β) and an ε0 > 0 such that |ϕ(x∗β)(j0)| ≥ ε0 for all β. Then
ε0 ≤ |ϕ(x∗β)(j0)| ≤ |x∗β(j0)| → |x∗(j0)|.
Hence ‖P ∗j0(x∗)‖ > 1 and we may assume that ‖P ∗j0(x∗α)‖ > 1. So there exist n ≤ nβ ≤ j0
such that for some 0 < tβ ≤ 1,
ϕ(x∗β) =
nβ−1∑
j=1
x∗β(j)e
∗
j + tβx
∗
β(nβ)e
∗
nβ
.
Since ϕ(x∗β)(j0) 6= 0, we have j0 ≤ nβ. So nβ = j0 for all β. We may assume that
limβ tβ = t0. Then
1 = lim
β
‖ϕ(x∗β)‖ = lim
β
∥∥∥∥∥
j0−1∑
j=1
x∗β(j)e
∗
j + tβx
∗
β(j0)e
∗
j0
∥∥∥∥∥ =
∥∥∥∥∥
j0−1∑
j=1
x∗(j)e∗j + t0x
∗(j0)e∗j0
∥∥∥∥∥ .
Because j0 ≥ n + 1, we get t0 = 0, which is a contradiction to that |tβx∗β(j0)| =
|ϕ(x∗β)(j0)| ≥ ε0 for all β.
We have only to show that limα ϕ(x
∗
α)(n) = ϕ(x
∗)(n) = tx∗(n). If ‖x∗α‖ ≤ 1 or xα(n) =
0, then set tα = 1. If ‖x∗α‖ > 1 and x∗α(n) 6= 0, then choose 0 ≤ tα ≤ 1 so that
ϕ(x∗α) = tαx
∗
α(n). So we have for all α, ϕ(x
∗
α)(n) = tαx
∗
α(n). Notice that if tα < 1, then
ϕ(x∗α) =
n−1∑
j=1
x∗α(j)e
∗
j + tαx
∗
α(n)e
∗
n.
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For any subnet (xγ), we can find a further subnet (xβ) such that limβ tβ = t0. Suppose
first that t0 < 1. Then we may assume that tβ < 1 for all β. This means that
1 = lim
β
‖ϕ(x∗β)‖ =
∥∥∥∥∥
n−1∑
j=1
x∗(j)e∗j + t0x
∗(n)e∗n
∥∥∥∥∥ .
By the strict monotonicity, we get t0 = t and
lim
γ
ϕ(x∗γ)(n) = lim
γ
tγx
∗
γ(n) = tx
∗(n) = ϕ(x∗)(n).
Secondly, suppose that t0 = 1. Then we have
1 = lim
β
‖ϕ(x∗β)‖ ≥ lim
β
∥∥∥∥∥
n−1∑
j=1
x∗β(j)e
∗
j + tβx
∗
β(n)e
∗
n
∥∥∥∥∥ =
∥∥∥∥∥
n−1∑
j=1
x∗(j)e∗j + x
∗(n)e∗n
∥∥∥∥∥ ≥ 1.
This shows that t = 1 and
lim
β
ϕ(x∗β)(n) = lim
β
tβx
∗
β(n) = x
∗(n) = ϕ(x∗)(n).
Hence we conclude that limα ϕ(x
∗
α)(n) = ϕ(x
∗)(n).
Finally, suppose that ‖P ∗n(x∗)‖ < 1 for all n. So, ‖x∗‖ ≤ 1. Fix n ∈ N. Then there
exists αn such that ‖P ∗n(x∗α)‖ < 1 for all α ≥ αn. Hence this shows that
lim
α
〈ϕ(x∗α), ej〉 = lim
α
〈x∗α, ej〉 = 〈x∗, ej〉 = 〈ϕ(x∗), ej〉
for all j ≤ n. Since the equality holds for arbitrary n, we get the desired result. 
Example 2.2. It is easy to check that every `p (1 ≤ p < ∞) is uniformly monotone.
There has been an extensive study about the uniform monotonicity of Orlicz-Lorentz
spaces (c.f. [24, 25]).
Recall that the uniform complex convexity is equivalent to the uniform monotonicity
on Banach lattices [30, 31]. Hence we have the following.
Corollary 2.3. Suppose that a complex Banach space X has a normalized unconditional
Schauder basis {ej} with unconditional basis constant 1. If X∗ is uniformly complex
convex, then X∗ admits a uniformly simultaneously continuous retraction.
It is observed [10] that if Y ∗ admits a (f -uniformly) simultaneously continuous retrac-
tion and X is a norm-one complemented subspace of Y , so does X∗. Concerning the
stability under the direct sum, it is shown that if we take pn = 1− 1n , and X = [
⊕
n `pn ]1,
then X∗ does not admit a simultaneously continuous retraction. However we get the
following affirmative result.
Now, we see some stability results. The following is clear and we omit the proof.
Proposition 2.4. Let {Xi}i∈N be a family of Banach spaces and let X = [
⊕
Xi]c0 or
X = [
⊕
Xi]`p for 1 ≤ p < ∞. If X∗ admits a f -uniformly simultaneously continuous
retraction ϕ, then each Xi admits a f -uniformly simultaneously continuous retraction.
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Proposition 2.5. Let {Xj}j∈J be a family of Banach spaces and let X = [
⊕
Xn]1.
Suppose that each X∗j admits a uniformly simultaneously continuous retraction ϕj. If
lim
ε→0+
sup
j∈J
ωϕj(ε) = 0,
then X∗ admits a uniformly simultaneously continuous retraction. In particular, a finite `1
sum of Banach spaces whose duals admits uniformly simultaneously continuous retractions
also admits uniformly simultaneously continuous retraction.
Proof. For each x∗ ∈ X∗, define ϕ(x∗) = (ϕj(x∗))j∈J . Then it is easy to check that ϕ is
uniformly norm-continuous and weak-∗ continuous. 
We do not know that the similar result of holds for c0 or `p sums for 1 < p < ∞.
However, we provide a positive result for separable uniformly smooth spaces. Recall that
a Banach space X is said to be uniformly convex if the modulus of convexity
δX(ε) = inf
{
1−
∥∥∥∥x+ y2
∥∥∥∥ : x, y ∈ SX , and ‖x− y‖ ≥ ε}
is positive for all 0 < ε < 1. A Banach space X is uniformly smooth if and only if X∗ is
uniformly convex. In the proof, we will use the following lemma.
Lemma 2.6 ([2, Lemma 3.3]). Let {cn} be a sequence of complex numbers with |cn| 6 1
for every n, and let η > 0 be such that for a convex series
∑
αn, Re
∑∞
n=1 αncn > 1− η.
Then for every 0 < r < 1, the set A := {i ∈ N : Re ci > r}, satisfies the estimate∑
i∈A
αi > 1− η
1− r .
Theorem 2.7. Let X = [
⊕
Xi]c0, where Xi’s are Banach spaces and let δi(ε) be modulus
of convexity of X∗i . Suppose that each space Xi is separable and infi δi(ε) > 0 for all
0 < ε < 1. Then, X∗ admits a uniformly simultaneous continuous retraction.
Proof. For each i ∈ N there exists a sequence of finite-dimensional subspaces E1i ⊂ E2i ⊂
E3i ⊂ ... such that dimEni = n and
⋃∞
n=1E
n
i is dense in Xi. Let ei be the standard basis
of c0 which ensures that
⋃∞
i=1(Xi ⊗ ei) is dense in X, where
Xi ⊗ ei = {x⊗ ei : x ∈ Xi}.
For each i, j ∈ N, we define a sequence of spaces
Ek =
(∪p+q<i+jEpq ⊗ eq) ∪ (∪q6jEqi+j−q ⊗ ei+j−q)
where k = (i+j−1)(i+j−2)
2
+ j. We clearly see that Ek ⊂ Ek+1 for every k ∈ N.
Let Rk : Ek −→ X be a natural embedding (for the convenience, we set E0 = {0} and
R0 : {0} −→ X). By the uniform convexity, it is easy to check that there is a unique
Hahn-Banach extension of every element of E∗k to X
∗. So let Hk : Ek∗ −→ X∗ be the
map defined by the Hahn-Banach extension theorem.
We also define a map ψk : Ek
∗ −→ Ek+1∗ by ψk = Rk+1∗ ◦ Hk. For each x∗, let
n(x∗) = inf{k : ‖Rk∗x∗‖ ≥ 1}, where we use the convention that inf ∅ =∞.
RETRACTION AND BISHOP-PHELPS-BOLLOBA´S THEOREM 7
We define a retraction φ : X∗ −→ BX∗ . If ‖x∗‖ 6 1, then φ(x∗) = x∗. If ‖x∗‖ > 1
and n(x∗) = 1, then we put φ(x∗) = H1(R1∗x∗/‖R1∗x∗‖). We assume that ‖x∗‖ >
1 and n(x∗) > 1. For the convenience we write n = n(x∗). Since Rn∗x∗|En−1 =
ψn−1(Rn−1∗x∗)|En−1 = x∗|En−1 , we have ‖Rn−1∗x∗‖ = ‖ψn−1(Rn−1∗x∗)‖ < 1. Hence,
there exists a unique 0 < λ 6 1 such that ‖λRn∗x∗+ (1−λ)ψn−1(Rn−1∗x∗)‖ = 1. We put
φ(x∗) = Hn(λRn∗x∗ + (1− λ)ψn−1(Rn−1∗x∗)).
We now show that a retraction φ is weak-∗ continuous. Suppose that (x∗α) converges to
x∗ in the weak-∗ topology.
First assume that n = n(x∗) < ∞. Since Rn∗x∗α converges to Rn∗x∗ in norm, we have
Rn
∗φ(x∗α) converges to Rn
∗φ(x∗) in norm. This implies that every weak-∗ limit point of a
net (φ(x∗α)) is an extension of Rn
∗φ(x∗). Since ‖Rn∗φ(x∗)‖ = 1 = ‖φ(x∗)‖ and the Hahn-
Banach extension is unique, φ(x∗α) weak-∗ converges to φ(x∗). On the other hand, assume
‖Rn∗x∗‖ < 1 for every n ∈ N. Since the net (φ(x∗α)) is bounded, we have only to show
that φ(x∗α)(x) converges to φ(x
∗)(x) for all x ∈ En and for all n ≥ 1. Fix N . Then RN ∗x∗α
converges to RN
∗x∗ in norm and there exists α0 such that ‖R∗Nx∗α‖ < 1 for all α > α0 and
φ(x∗α) is an extension of R
∗
Nx
∗
α for all α > α0. That is, φ(x
∗
α)(x) = (RN
∗x∗α)(x) for each
α > α0 and x ∈ EN . Hence φ(x∗α)(x) converges to φ(x∗)(x) for all x ∈ EN . Because N is
arbitrary, φ(x∗α) converges to φ(x
∗) in the weak-∗ topology.
We calculate the norm-modulus of continuity of φ. For  > 0, we fix x∗, y∗ ∈ X∗
satisfying ‖x∗ − y∗‖ < δ()2, and let n = n(x∗) 6 n(y∗) = m. If n = ∞, then it is clear.
So assume first that n ≤ m <∞.
Without loss of generality, we assume that φ(y∗) is an extension of Rn∗y∗. Indeed, if n <
m, then this follows from the definition of φ. On the other hand, if n = m, then we choose
u∗ ∈ X∗ which annihilates En−1. Since Rn∗y∗ − ψn(Rn−1∗y∗) and Rn∗x∗ − ψn(Rn−1∗x∗)
both annihilate En−1, we see that they are multiples of Rn∗u∗. This fact and the convexity
of ‖ · ‖ imply that there exists α so that either
‖Rn∗(y∗ + αu∗)‖ = 1 and ‖Rn∗(x∗ + αu∗)‖ > 1 or
‖Rn∗(y∗ + αu∗)‖ > 1 and ‖Rn∗(x∗ + αu∗)‖ = 1.
Hence, we assume ‖Rn∗(y∗ + αu∗)‖ = 1 and ‖Rn∗(x∗ + αu∗)‖ > 1. (otherwise, we
change the role of x∗ and y∗.) We now take x∗ + αu∗ and y∗ + αu∗ instead of x∗ and y∗.
For any element z in a space of vector valued sequence like X and X∗, we write
z = (z(1), z(2), ...). Choose x ∈ SEn so that Rn∗φ(x∗)(x) = 1, then we see that
1 = Rn
∗φ(x∗)(i)
‖Rn∗φ(x∗)(i)‖(x(i)) =
Rn∗φ(x∗)(i)
‖φ(x∗)(i)‖ (x(i)) for every i ∈ C, where C = {i : Rn∗φ(x∗)(i) 6= 0}.
From the definition of φ, we have Re Rn
∗(x∗)(x) > 1, and so
1− δ()2 < Re (Rn∗(x∗))(x)− ‖Rn∗(x∗ − y∗)‖
6 Re Rn∗(y∗)(x) =
∑
Re Rn
∗(y∗)(i)(x(i))
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Define a set A =
{
i : Re Rn
∗(y∗)(i)
‖φ(y∗)(i)‖ (x(i)) > 1− δ(), ‖φ(y∗)(i)‖ 6= 0
}
. Then, Lemma 2.6
shows that ∑
A
‖φ(y∗)(i)‖ > 1− δ(), and
∑
Ac
‖φ(y∗)(i)‖ < δ().
Since φ(y∗) is an extension of Rn∗y∗, for each i ∈ A ∩ C, we get∥∥∥∥ φ(y∗)(i)‖φ(y∗)(i)‖ + φ(x∗)(i)‖φ(x∗)(i)‖
∥∥∥∥ > Rn∗(y∗)(i)‖φ(y∗)(i)‖ (x(i)) + Rn∗φ(x∗)(i)‖φ(x∗)(i)‖ (x(i))
> 2− δ()
and so, ∥∥∥∥ φ(y∗)(i)‖φ(y∗)(i)‖ − φ(x∗)(i)‖φ(x∗)(i)‖
∥∥∥∥ < .
Moreover, for each i ∈ A ∩ C,
‖φ(y∗)(i)− φ(x∗)(i)‖ =
∥∥∥∥ φ(y∗)(i)‖φ(y∗)(i)‖ − φ(x∗)(i)‖φ(y∗)(i)‖
∥∥∥∥ ‖φ(y∗)(i)‖
<
(∥∥∥∥ φ(y∗)(i)‖φ(y∗)(i)‖ − φ(x∗)(i)‖φ(x∗)(i)‖
∥∥∥∥+ ∥∥∥∥ φ(x∗)(i)‖φ(x∗)(i)‖ − φ(x∗)(i)‖φ(y∗)(i)‖
∥∥∥∥)
· ‖φ(y∗)(i)‖
< ‖φ(y∗)(i)‖+ ∣∣‖φ(y∗)(i)‖ − ‖φ(x∗)(i)‖∣∣.
So we have for all i ∈ A,
‖φ(y∗)(i)− φ(x∗)(i)‖ < ‖φ(y∗)(i)‖+ ∣∣‖φ(y∗)(i)‖ − ‖φ(x∗)(i)‖∣∣.
On the other hand, the assumption ‖x∗ − y∗‖ < δ()2 implies that ‖Rn∗x∗ −Rn∗y∗‖ <
δ()2, and so
∑∣∣‖Rn∗x∗(i)‖ − ‖Rn∗y∗(i)‖∣∣ 6 ∑ ‖Rn∗x∗(i) − Rn∗y∗(i)‖ < δ()2. Since
‖Rn∗y∗(i)‖ 6 ‖φ(y∗)(i)‖, ‖Rn∗x∗‖ > 1, and ‖φ(y∗)‖ = 1, we have, setting P = {i :
‖φ(y∗)(i)‖ ≥ ‖Rn∗x∗(i)‖} and Q = {‖φ(y∗)(i)‖ < ‖Rn∗x∗(i)‖},∑∣∣‖φ(y∗)(i)‖ − ‖Rn∗x∗(i)‖∣∣
=
∑
P
(‖φ(y∗)(i)‖ − ‖Rn∗x∗(i)‖) +
∑
Q
(‖Rn∗x∗(i)‖ − ‖φ(y∗)(i)‖)
= 1−
∑
Q
‖φ(y∗)(i)‖ −
∑
P
‖Rn∗x∗(i)‖+
∑
Q
(‖Rn∗x∗(i)‖ − ‖φ(y∗)(i)‖)
≤
∑
Q
‖Rn∗x∗(i)‖ −
∑
Q
‖φ(y∗)(i)‖+
∑
Q
(‖Rn∗x∗(i)‖ − ‖φ(y∗)(i)‖)
≤ 2
∑
Q
(‖Rn∗x∗(i)‖ − ‖R∗ny∗(i)‖) < 2δ(ε)2.
Notice also that R∗nx
∗ and R∗n−1x
∗ may have only one different term. Suppose that this
different term is n1th term of R
∗
nx
∗. Then ‖R∗n−1x∗(i)‖ = ‖R∗nx∗(i)‖ = ‖φ(x∗)(i)‖ for all
i 6= n1. Therefore we have
∑
i 6=n1
∣∣‖φ(y∗)(i)‖ − ‖φ(x∗)(i)‖∣∣ < 2δ()2.
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Since
∑ ‖φ(y∗)(i)‖ = ∑ ‖φ(x∗)(i)‖ = 1, we have ∣∣‖φ(y∗)(n1)‖−‖φ(x∗)(n1)‖∣∣ < 2δ()2.
Moreover, the fact that
∑∣∣‖φ(y∗)(i)‖ − ‖φ(x∗)(i)‖∣∣ < 4δ()2 shows∑
Ac
‖φ(x∗)(i)‖ 6
∑
Ac
‖φ(x∗)(i)− φ(y∗)(i)‖+
∑
Ac
‖φ(y∗)‖
< 4δ()2 + δ().
Hence, we deduce that
‖φ(x∗)− φ(y∗)‖ =
∑
A
‖φ(y∗)(i)− φ(x∗)(i)‖+
∑
Ac
‖φ(y∗)(i)− φ(x∗)(i)‖
6
∑
A
‖φ(y∗)(i)‖+
∑
A
∣∣‖φ(y∗)(i)‖ − ‖φ(x∗)(i)‖∣∣
+
∑
Ac
‖φ(y∗)(i)‖+
∑
Ac
‖φ(x∗)(i)‖
< + 4δ()2 + 4δ()2 + δ() + δ()
= + 8δ()2 + 2δ().
Finally, assume that n < m =∞. In this case, ‖y∗‖ ≤ 1. If ‖x∗‖ ≤ 1, then the desired
result clearly holds. So assume that ‖x∗‖ > 1. Let y∗t = tx∗ + (1− t)x∗ and let
t0 = sup{0 < t < 1 : ‖y∗t ‖ = 1}.
It is clear that 0 ≤ t0 < 1. For each t0 < s < 1, ‖y∗s‖ > 1 and ‖x∗−y∗s‖ ≤ ‖x∗−y∗‖ < δ(ε)2.
From the previous result, we have
‖φ(x∗)− φ(ys)‖ < ε+ 8δ(ε)2 + 2δ(ε).
Since y∗s converges to yt0 as s tends to t0, the weak-∗ continuity of φ shows that
‖φ(x∗)− φ(yt0)‖ ≤ ε+ 8δ(ε)2 + 2δ(ε).
Since ‖yt0‖ ≤ 1, we have
‖φ(x∗)− φ(y)‖ ≤ ‖φ(x∗)− φ(yt0)‖+ ‖y∗t0 − y∗‖ ≤ ε+ 9δ(ε)2 + 2δ(ε).
This completes the proof. 
For 1 < p <∞, `p sum of a countable family of separable uniformly convex spaces with
uniformly lower bounded moduli of convexity is separable uniformly convex [21], we get
the following.
Corollary 2.8. Let {Xi}i∈N be a family of Banach spaces whose dual spaces are separable
uniformly convex with moduli of convexity δi(ε) such that infi δi(ε) > 0 for all 0 < ε < 1
and let X = [
⊕
Xi]c0 or X = [
⊕
Xi]`p for 1 ≤ p < ∞. Then, X∗ admits a uniformly
simultaneous continuous retraction.
Proposition 2.9. Let L be a locally compact Hausdorff space, K be the one-point com-
pactification of K and let M(L) and M(K)be the Banach spaces of all scalar-valued Borel
regular measures on L and K with the total variational norms, respectively. Suppose that
M(K) admits a uniformly simultaneously continuous retraction as a dual of C(K). Then
M(L) admits a uniformly simultaneously continuous retraction as a dual of C0(L).
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Proof. Let K = L∪{∞} and let φ be a f -uniformly simultaneously continuous retraction
from C(K)∗ onto BC(K)∗ . Then for each µ ∈ M(L) = C(L)∗ and for each Borel subset
E of K, define µ˜(E) = µ(E \ {∞}). Then it is clear that µ˜ ∈ M(K). Define the map
ψ : M(L)→ BM(L) by, for each f ∈ C0(L),
〈f, ψ(µ)〉 =
∫
L
fdφ(µ˜).
Then it is easy to check that ψ is weak-∗ continuous on M(L) = C0(L)∗ and it is f -
uniformly continuous with respect to the norm. 
Corollary 2.10. Let L be a locally compact metrizable Hausdorff space. Then the real
space C0(L)
∗ admits a uniformly simultaneously continuous retraction.
Proof. It is shown that if K is compact metrizable space, then the real space C(K)∗ admits
a uniformly simultaneously continuous retraction. Since L is metrizable, its one-point
compactfication Lˆ is compact metrizable. Hence the result follows from Proposition 2.9.

3. Retraction and Bishop-Phelps-Bolloba´s property
The Bishop-Phelps theorem [13] states that for a Banach space X, every element in its
dual space X∗ can be approximated by ones that attain their norms. Since then, there
has been an extensive research to extend this result to bounded linear operators between
Banach spaces [15, 26, 32, 35, 36, 37] and non-linear mappings [4, 5, 8, 18, 19, 28]. On
the other hand, Bolloba´s [14] sharpened the Bishop-Phelps theorem which is called the
Bishop-Phelps-Bolloba´s theorem.
Theorem 3.1 (Bishop-Phelps-Bolloba´s theorem). Let X be a Banach space. If x ∈ SX
and x∗ ∈ SX∗ satisfy |x∗(x)− 1| < ε2/4, then there exist y ∈ SX and y∗ ∈ SX∗ such that
y∗(y) = 1, ‖x∗ − y∗‖ < ε and ‖x− y‖ < ε.
Acosta, Aron, Garc´ıa and Maestre [2] introduced the Bishop-Phelps-Bolloba´s property
to study extensions of the theorem above to operators between Banach spaces.
Definition 3.2 ([2, Definition 1.1]). A pair of Banach spaces (X, Y ) is said to have the
Bishop-Phelps-Bolloba´s property (BPBp in short) for operators if, for every ε ∈ (0, 1),
there is η(ε) > 0 such that for every T0 ∈ L(X, Y ) with ‖T0‖ = 1 and every x0 ∈ SX
satisfying
‖T0(x0)‖ > 1− η(ε),
there exist S ∈ L(X, Y ) and x ∈ SX such that
1 = ‖S‖ = ‖Sx‖, ‖x0 − x‖ < ε and ‖T0 − T‖ < ε.
In this case, we will say that (X, Y ) has the BPBp with function ε 7−→ η(ε). The pair
(X, Y ) is said to have the Bishop-Phelps Property (BPp) if the set of all norm-attaining
operators is dense in L(X, Y ).
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It is clear that BPBp implies BPp. Recall that Bourgain [15] showed that (X, Y ) has
the BPp for every Banach space Y if X has the Radon-Nikody´m property. However, it
is shown [2] there exists a Banach space Y such that (`1, Y ) does not have BPBp even
though `1 has the Radon-Nikody´m property.
In the study of the operators from a Banach space into C(K), the following repre-
sentation theorem is useful. We are stating a version of this representation theorem for
operators into C0(S) space, which is a slight modification of [22, Theorem 1, p. 490] and
we omit the proof.
Lemma 3.3. Let X be a Banach space and let L be a locally compact Hausdorff topological
space. Given an operator T : X −→ C0(S), define µ : S −→ X∗ by µ(s) = T ∗(δs) for
every s ∈ S. Then the relationship
[Tx](s) = µ(s)(x), ∀x ∈ X, s ∈ S
defines an isometric isomorphism between L(X,C0(L)) and the space of w∗-continuous
functions from S to X∗ which vanishes at infinity, endowed with the supremum norm,
i.e. ‖µ‖ = sup{‖µ(s)‖ : s ∈ S}. The subspace of compact operators corresponds to norm
continuous functions which vanishes at infinity.
If C(K) is the space of all continuous functions on a compact Hausdorff space K and
X is a Banach space whose dual X∗ admits a uniform simultaneously continuous retrac-
tion, then the norm-attaining operators are dense in the space L(X,C(K)) of bounded
linear operators from X into C(K) [12, Proposition 4.22.]. So L∞[0, 1] does not admit a
uniformly simultaneously continuous retraction because the pair (L1[0, 1], C(S)) does not
have the BPp for a certain compact metric space S [37, 27]. It is worth-while to note
that (L1(µ), L∞(ν)) has BPp if µ is any measure and ν is a localizable measure [23, 34].
These results are refined to show that (L1(µ), L∞(ν)) has BPBp if µ is any measure and
ν is a localizable measure [6, 20].
Let f be a nonnegative nondecreasing function such that limt→0+ f(t) = 0 = f(0).
A map ϕ : X∗ → BX∗ is called an f -approximate nearest point map if ‖ϕ(x∗) − x∗‖ ≤
d(x∗, BX∗) + f(d(x∗, BX∗)) for all x∗ ∈ X∗. This notion is introduced by Benyamini
[10]. A dual space X∗ is said to admit weak-∗ approximate nearest point map if there
exists a weak-∗ continuous f -approximate nearest point map ϕ : X∗ → BX∗ . Notice that
the weak-∗ continuous approximate nearest point map is a weak-∗ continuous retraction.
It is easy to check that if X∗ admits a uniformly simultaneously continuous retraction
ϕ : X∗ → BX∗ , then ϕ is a weak-∗ ωϕ-approximate nearest point map [10].
Theorem 3.4. Let K be a locally compact Hausdorff space and let X be a Banach space.
If X∗ admits a weak-∗ approximate nearest map, then the pair (X,C0(K)) has the BPBp.
Proof. Let r : X∗ → BX∗ be a weak-∗ f -approximate nearest point map. Given ε > 0,
suppose that ‖T (x0)‖ > 1− ε2/4 for some T ∈ SL(E,C(K)) and x0 ∈ SE. Let ϕ : K → E∗
be the function ϕ(s) = T ∗(δs) for all s ∈ K. Choose t0 ∈ K such that |T (x0)(t0)| =
| 〈x0, T ∗(δt0)〉 | = |ϕ(t0)(x0)| > 1 − ε2/4. By the Bishop-Phelps-Bolloba´s theorem 3.1,
12 KIM AND LEE
there exists a norm-attaining functional x∗1 ∈ SE∗ and x1 ∈ SX such that
‖x0 − x1‖ < ε, ‖x∗1 −
ϕ(t0)
‖ϕ(t0)‖‖ < ε.
Since ‖ϕ(t0) − ϕ(t0)‖ϕ(t0)‖‖ = 1 − ‖ϕ(t0)‖ < ε2/4 < ε, we have ‖x∗1 − ϕ(t0)‖ < 2ε. Choose a
function f0 ∈ C0(K) such that f0(t0) = 1 and 0 ≤ f ≤ 1. Define ψ : K → E∗ by
ψ(t) = r(ϕ(t) + f0(t)(x
∗
1 − ϕ(t0))) (t ∈ K).
Then ψ(t0) = r(x
∗
1) = x
∗
1. Let S be the corresponding operator and
1 ≥ ‖S‖ ≥ ‖Sx1‖ ≥ | 〈Sx1, δt0〉 | = | 〈ψ(t0), x1〉 | = | 〈x∗1, x1〉 | = 1.
Then we have
‖S − T‖ = sup
t∈K
‖ϕ(t)− ψ(t)‖ = sup
t∈K
‖ϕ(t)− r(ϕ(t) + f0(t)(x∗1 − ϕ(t0)))‖
≤ sup
t∈K
‖(ϕ(t) + f0(t)(x∗1 − ϕ(t0)))− r(ϕ(t) + f0(t)(x∗1 − ϕ(t0)))‖+ ‖x∗1 − ϕ(t0)‖
≤ d(ϕ(t) + f0(t)(x∗1 − ϕ(t0)), BX∗) + f(d(ϕ(t) + f0(t)(x∗1 − ϕ(t0)), BX∗)) + 2ε
≤ ‖x∗1 − ϕ(t0)‖+ f(‖x∗1 − ϕ(t0)‖) + 2ε
≤ 4ε+ f(2ε).
This completes the proof. 
Cascales, Guirao and Kadets [16] (cf. [7]) showed that every Asplund operator T from a
Banach spaceX into a uniform algebra A can be approximated by norm-attaining Asplund
operators. In particular, (X,C(K)) has the BPBp if X is an Asplund space. Since C[0, 1]
is not an Asplund space, the Banach space whose dual admits the uniformly simultane-
ously continuous retraction need not be an Asplund space. Benyamini also constructed
an example which shows that there is a (Asplund) Banach space which is isomorphic to
`2 whose dual does not admit a uniformly simultaneously continuous retraction [10].
Proposition 3.5. Let {Xj}j∈J be a family of Banach spaces and let X = [
⊕
Xn]1.
Suppose that each X∗j admits a weak-∗ f -approximate nearest point map ϕj with a common
function f . Then X admits a weak-∗ f -approximate nearest point map.
Proposition 2 shows the following.
Corollary 3.6. Let {Xj}j∈J be a family of Banach spaces and let X = [
⊕
Xj]1. Suppose
that each X∗j admits a uniformly simultaneously continuous retraction ϕj. If
lim
ε→0+
sup
j∈J
ωϕj(ε) = 0,
then (X,C0(K)) has the BPBp for all locally compact Hausdorff spaces L.
For the range spaces, the stability of the BPBp under various direct sums of Banach
spaces is studied in [9]. We get here some stability results for the domain spaces when
the range is C(K).
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Example 3.7. Let X be a Banch space whose dual X∗ admits a uniformly simultane-
ously continuous retraction like `p or C(S) spaces for all compact Hausdorff space S. Then
(`1(X), C(K)) has the BPBp for all compact Hausdorff space K. Moreover, we also have
the same result for the finite `1 sums of different Banach spaces whose dual admits a uni-
formly simultaneously continuous retraction. For example, we see that (`p⊕1C(S), C(K))
has the BPBp.
Recently it is shown [3] that the pair (C(S), C(K)) has the BPBp if C(S) and C(K)
are spaces of real-valued continuous functions on a compact Hausdorff spaces S and K
respectively. However it is still open for the spaces of complex-valued continuous functions.
It is shown [11] that C(S)∗ admits weak-∗ approximate nearest point map if S is a compact
metric space.
Corollary 3.8. Let S be a locally compact metrizable space and K a locally compact
Hausdorff space. Then for real-spaces C0(S) and C0(L), the pair (C0(S), C0(L)) has the
BPBp.
It is worth-while to remark that the first-named author shows that (c0, X) has the
BPBp for all uniformly convex spaces X [29].
Let K(X, Y ) be a the subspace of L(X, Y ) which consists of all compact operators from
a Banach space X into a Banach space Y . Recently the notion of Bk was introduced by
Mart´ın [33]. A Banach space Y is said to have property Bk if for any Banach space X, the
norm-attaining compact operators are dense in K(X, Y ). Johnson and Wolfe [26] showed
that C(K) space has property Bk. Using retraction, we get the following theorem which
is a generalization of Theorem 2.2 in [2].
Theorem 3.9. Let K be a compact Hausdorff space and let E be a Banach space. Then
for each 0 < ε < 1, there is η(ε) > 0 such that if T ∈ SK(E,C(K)) and ‖T (x0)‖ > 1− ε(ε),
there exist S ∈ SK(E,C(K)) and x1 ∈ SE such that ‖S(x1)‖ = 1, ‖x0 − x1‖ < ε and
‖S − T‖ < ε. In fact we can take η(ε) = ε2
64
.
Proof. Given ε > 0, suppose that ‖T (x0)‖ > 1−ε2/4 for some T ∈ SL(E,C(K)) and x0 ∈ SE.
Let ϕ : K → E∗ be the function ϕ(s) = T ∗(δs) for all s ∈ K. Since T is compact, ϕ is
norm-continuous. Choose t0 ∈ K such that |T (x0)(t0)| = | 〈x0, T ∗(δt0)〉 | = |ϕ(t0)(x0)| >
1 − ε2/4. By the Bishop-Phelps-Bolloba´s theorem 3.1, there exists a norm-attaining
functional x∗1 ∈ SE∗ and x1 ∈ SX such that
‖x0 − x1‖ < ε, ‖x∗1 −
ϕ(t0)
‖ϕ(t0)‖‖ < ε.
Since ‖ϕ(t0) − ϕ(t0)‖ϕ(t0)‖‖ = 1 − ‖ϕ(t0)‖ < ε2/4 < ε, we have ‖x∗1 − ϕ(t0)‖ < 2ε. Let
r : E∗ → BE∗ be the retraction defined by r(x) = x if ‖x‖ ≤ 1 and r(x) = 1‖x‖x if
‖x‖ ≥ 1. Define the norm-continuous map ψ : K → E∗ by
ψ(t) = r(ϕ(t) + x∗1 − ϕ(t0)) (t ∈ K).
Then ψ(t0) = r(x
∗
1) = x
∗
1. Let S be the corresponding compact operator and
1 ≥ ‖S‖ ≥ ‖Sx1‖ ≥ | 〈Sx1, δt0〉 | = | 〈ψ(t0), x1〉 | = | 〈x∗1, x1〉 | = 1.
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Hence we have ‖S‖ = 1 = ‖Sx1‖. Since 1 ≤ ‖y‖ ≤ 1 + ε implies that
‖r(y∗)− y∗‖ ≤ ‖r(y∗)− r( y
∗
‖y∗‖)‖+ ‖
y∗
‖y∗‖ − y
∗‖ ≤ 2ε,
we have
‖S − T‖ = sup
t∈K
‖ϕ(t)− ψ(t)‖ = sup
t∈K
‖r(ϕ(t) + x∗1 − ϕ(t0))− ϕ(t)‖
≤ 2ε+ ‖x∗1 − ϕ(t0)‖ ≤ 4ε.
Therefore, by letting η(ε) = ε
2
64
, we get the desired result. 
Because C(K) space is a predual of an L1 space, the above theorem is equivalent to
the following which is proved in [3] and we omit the proof.
Theorem 3.10. [3] For each 0 < ε < 1, there is η(ε) > 0 such that if E is any Banach
space, Y is any predual of an L1-space, T ∈ SK(E,Y ) and ‖T (x0)‖ > 1 − ε(ε), there exist
S ∈ SK(E,Y ) and x1 ∈ SE such that ‖S(x1)‖ = 1, ‖x0 − x1‖ < ε and ‖S − T‖ < ε.
References
[1] M. D. Acosta, Denseness of norm attaining mappings, Rev. R. Acad. Cien. Serie A. Mat. 100
(2006), 9–30.
[2] M. D. Acosta, R. M. Aron, D. Garc´ıa and M. Maestre, The Bishop-Phelps-Bolloba´s Theo-
rem for operators, J. Funct. Anal. 254 (2008), 2780–2799.
[3] M. D. Acosta, J. Becerra-Guerrero, Y. S. Choi, M. Ciesielski, S. K. Kim, H. J. Lee,
M. L. Lourenc¸o and M. Mart´ın. The Bishop-Phelps-Bolloba´s property for operators between
spaces of continuous functions, Preprint
[4] M. D. Acosta, F. J. Aguirre and R. Paya´, There is no bilinear Bishop-Phelps theorem, Israel
J. Math. 93 (1996), 221-227.
[5] M. D. Acosta, D. Garc´ıa and M. Maestre, A multilinear Lindenstrauss theorem, J. Funct.
Anal. 235 (2006), 122-136.
[6] R. M. Aron, Y. S. Choi, D. Garc´ıa and M. Maestre, The Bishop-Phelps-Bolloba´s Theorem
for L(L1(µ), L∞[0, 1]), Adv. Math. 228 (2011), 617–628.
[7] R. M. Aron, B. Cascales and O. Kozhushkina The Bishop-Phelps-Bolloba´s theorem and
Asplund operators, Proc. AMS. 139 (2011) 3553–3560.
[8] R. Aron, C. Finet and E. Werner, Some remarks on norm attaining N-linear forms, In: Func-
tions Spaces (K. Jarosz, Ed.), Lecture Notes in Pure and Appl. Math. 172, Marcel-Dekker, NewYork,
1995, 19-28.
[9] R. Aron, Y. S. Choi, S. K. Kim, H. J. Lee and M. Mart´ın, The Bishop-Phelps-Bolloba´s
version of Lindenstrauss properties A and B, Preprint.
[10] Y. Benyamini, Simultaneously continuous retractions on the unit ball of a Banach space, J. Appr.
Theory
[11] Y. Benyamini, Small into-isomorphisms between spaces of continuous functions, Proc. AMS. 83
(1981), 479–485.
[12] Y. Benyamini, J. Lindenstrauss, Geometric Nonlinear Functional Analysis, Colloquium Publica-
tion, AMS, Vol. 48. 2000.
[13] E. Bishop and R. R. Phelps, A proof that every Banach space is subreflexive, Bull. Amer. Math.
Soc. 67 (1961), 97-98.
[14] B. Bolloba´s, An extension to the theorem of Bishop and Phelps, Bull. London. Math. Soc. 2
(1970), 181-182.
[15] J. Bourgain, Dentability and the Bishop-Phelps property, Israel J. Math. 28 (1977), 265-271.
RETRACTION AND BISHOP-PHELPS-BOLLOBA´S THEOREM 15
[16] B. Cascales, A. J. Guirao, and V. Kadets, A Bishop-Phelps-Bolloba´s type theorem for uniform
algebras, Adv. Math. 240 (2013), 370–382.
[17] C. Choi, A. Kamin´ska and H. J. Lee, Complex convexity of Orlicz-Lorentz spaces and its
applications.Bull. Pol. Acad. Sci. Math. 52 (2004), 19 -38.
[18] Y. S. Choi, Norm attaining bilinear forms on L1[0, 1], J. Math. Anal. Appl. 211 (1997), 295-300.
[19] Y. S. Choi and S. G. Kim, Norm or numerical radius attaining multilinear mappings and polyno-
mials, J. London Math. Soc. 54 (1) (1996), 135-147.
[20] Y. S. Choi, S. K. Kim, H. J. Lee and M. Mart´ın, The Bishop-Phelps-Bolloba´s theorem for
operators on L1(µ), Preprint.
[21] M. Day, Some more uniformly convex spaces, Bull. Amer. Math. Soc. 47 (1941), 504-507.
[22] N. Dunford and J. Schwartz, Linear operators, Volume I, Interscience, New York, 1958.
[23] C. Finet and R. Paya´, Norm attaining operators from L1 into L∞, Israel J. Math. 108 (1998),
139–143.
[24] P. Foralewski and P. Kolwicz, Local uniform rotundity in Caldero´n-Lozanovski˘i spaces, J.
Convex Anal. 14 (2007), no. 2, 395–412.
[25] H. Hudzik and A. Narloch, Relationships between monotonicity and complex rotundity proper-
ties with some consequences, Math. Scand. 96 (2005), no. 2, 289–306.
[26] J. Johnson and J. Wolfe, Norm attaining operators, Studia Math. 65 (1979), 7–19.
[27] J. Johnson and J. Wolfe Norm attaining operators and simultaneously continuous retractions,
Proc. AMS. 86 (1982), 609–612.
[28] J. Kim and H. J. Lee, Strong peak points and strongly norm attaining points with applications
to denseness and polynomial numerical indices, J. Funct. Anal. 257 (2009), 931-947.
[29] S. K. Kim, The Bishop-Phelps-Bolloba´s Theorem for operators from c0 to uniformly convex spaces,
Israel J. Math. 197 (2013), 425-435
[30] H. J. Lee, Monotonicity and complex convexity in Banach lattices, J. Math. Anal. Appl. 307 (2005),
86–101.
[31] H. J. Lee, Complex conveixty and monotonicity in quasi-Banach lattices, Israel J. Math.
[32] J. Lindenstrauss, On operators which attain their norm, Israel J. Math. 1 (1963), 139-148.
[33] M. Mart´ın Norm-attaining compact operators, Preprint.
[34] R. Paya´ and Y. Saleh, Norm attaining operators from L1(µ) into L∞(ν), Arch. Math. 75 (2000),
380–388.
[35] J. R. Partington, Norm attaining operators, Israel J. Math. 43 (1982), 273–276.
[36] W. Schachermayer, Norm attaining operators and renormings of Banach spaces, Israel J. Math.
44 (1983), 201–212.
[37] W. Schachermayer, Norm attaining operators on some classical Banach spaces, Pacific J. Math.
105 (1983), 427–438.
(Kim) Department of Mathematics, POSTECH, Pohang (790-784), Republic of Korea
E-mail address: lineksk@gmail.com
(Lee) Department of Mathematics Education, Dongguk University - Seoul, 100-715
Seoul, Republic of Korea
E-mail address: hanjulee@dongguk.edu
